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Coning Instability of Spacecraft During Periods of Thrust

R. X. Meyer*
University of California, Los Angeles, Los Angeles, California 90095

An instability that has been observed in the flight of a number of spin-stabilized spacecraft is analyzed. These
vehicles, all of which had solid-propellant motors, exhibited a pronounced coning during the motor burn. The
analysis is based on a hydrodynamic model of liquid slag trapped in the motor and is closely related to the classic
shallow fluid or tidal theory. Explicit, analytical results are derived for the case of small ratios of slag to vehicle
mass and are illustrated with a numerical example that is typical of the vehicles for which the instability has been
observed. Calculated are the growth rate of the instability and the theoretical gain needed for stabilizing the vehicle

by a simplified control scheme.

Nomenclature
Ay = cross-sectional area of fluid pool at reference
condition, m?
a = acceleration of vehicle center of mass, m/s
by = width of free surface at reference condition, m
Co = zero-order wave speed relative to vehicle

[Eq. (12)}, m/s
f = inertial force per unit mass, m/s?

hy = fluid height at reference condition [Eq. (9)], m

I, I = transverse and axial moments of inertia, m® kg

Ji = coefficients [Eq. (31)], nondimensional

I; = polynomial coefficients [Eq. (36)}, nondimensional

M = moment about center of mass, m N

m = rocket motor gas flow rate, kg/s

mg = fluid mass, kg

Myn = vehicle mass, kg

N = nutation control gain, nondimensional

p = fluid pressure, N/m?

q = wave height, m

R, $,z = cylindrical, vehicle fixed coordinates; Fig. 2

R, = mean radius of curvature of bounding surface
(Fig. 3),m

Ry = mean radius of curvature of free surface, m

R, = transverse gyroradius of vehicle, m

r = position vector, m

s = complex frequency [Eq. (25)], nondimensional

T = thrust, N

u = fluid velocity relative to vehicle, m/s

V,Q,R, = complex amplitudes [Eq. (25)], nondimensional

A, Q

vy, Wy = circumferential and meridional components of
first-order perturbation velocity, m/s

X, ¥, 2 = Cartesian, vehicle fixed coordinates (Fig. 2), m

Bo = angle relative to vehicle axis of zero-order inertial
force [Fig. 2, Eq. (4)], rad

" = mass ratio mgy/m,;, nondimensional

v = lag angle of nutation control (Fig. 4), rad

0 = fluid density, kg/m>

o = inertia ratio I,/I;, nondimensional

¢, 1, ¢ = vehicle fixed, toroidal coordinates; Figs. 2 and 3
w = vehicle angular velocity, s~

Subscripts

J = jet damping

n = nutation control

D = fluid pressure
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ri = real, imaginary parts
t = transverse
0 = zero-order terms (referring to rotation about axis of
symmetry)
1 = first-order perturbation terms
Introduction

NUMBER of spin-stabilized upper-stage space vehicles have

exhibited a pronounced instability during the thrusting phase.
The instability manifests itself primarily in an increase of the nu-
tation angle, and is therefore referred to as nutational or coning
instability. In all cases, these vehicles had solid-propellant motors
with re-entrant nozzles. Although stable before and during roughly
the first half of the rocket burn, the vehicles then started to pre-
cess with a nutation angle that was steadily increasing to the end
of the burn. No further growth of the nutation angle was observed
after thrust termination, except a very slow growth—of no particular
concern—that can be explained by energy dissipation in the space-
craft. In some cases, the final nutation angle at thrust termination
exceeded 15 deg.

The coning instability shows remarkably systematic properties.
One of these is seen from Fig. 1, where for several different space
vehicles the destabilizing moment about the vehicle’s center of mass,
as inferred from the observed rate-gyro and the vehicle’s inertial
data, is plotted against the instantaneous transverse component of the
angular velocity.!"? The data roughly fall on a straight line through
the origin, although different vehicles with different mass properties,
somewhat different rates of spin, and different times after start of the
instability are included. When translated by rigid-body mechanics,
the data for this group of vehicles therefore indicate a near constant,
exponential rate of growth. Although the final nutation angle reached
at the end of the burn differs from case to case, the difference can
be explained by small differences (less than 10% of the total burn
duration) in the time of the onset of the instability.

Another important observation, derived from the rate gyros, was
that the disturbing torque, whatever its origin, was synchronous with
the precession of the vehicle (therefore not with the spin).

The data in Fig. 1 apply to earlier versions of upper-stage vehicles,
before specially designed control systems were introduced. More re-
cent vehicles use hydrazine or bipropellant control jets, which are
pulsed in phase with the vehicle’s precession whenever the nutation
angle exceeds a prescribed threshold. These control systems proved
to be quite successful in preventing the coning instability. However,
because the cause of the instability remained uncertain, the control
had to be greatly overdesigned. A basic understanding of the insta-
bility therefore is needed for estimating the required magnitude of
the control authority in the design of new vehicles.

Various Explanations

At least six different explanations have been'advanced at vari-
ous times to explain the coning instability. The two most prominent



782 MEYER

300 +—
280 -

240 |-
220 -

200 |—

180

160 |-

140 [~

120 WESTAR IV-86.9 sec ¢
100 p~— -

0

60 v

DESTABILIZING MOMENT (N m)

40

20

v
RCA-C'-86.3 sec

2 ® RCA-D-85.7 sec

K SBS-B-86.5 sec

INSAT-1A-86.9 sec

® WESTAR-V-81.5 sec

TRANSVERSE COMPONENT OF ANGULAR VELOCITY (deg/sec)

Fig. 1 Destabilizing moment inferred from flight gyro data (jet damping has been subtracted from the measurements).

among them and studied in considerable detail were 1) one based
on the gasdynamics of the combustion gas and 2) one based on the
motion of liquid slag trapped in motors with recessed (re-entrant)
nozzles.

The gasdynamic hypothesis'~* postulates a convective instabil-
ity of the gas in the rocket motor. It has been possible to show that
in a precessing vehicle with nonzero nutation angle, a differential
pressure of the gas on the motor case and nozzle will develop, re-
sulting in a disturbance torque on the vehicle. For small nutation
angles, this pressure difference is proportional to the excursion and
has the proper phasing to drive the vehicle toward a higher nutation
angle. The fact that the instability appears only relatively late in the
motor burn has been explained in this hypothesis by the change in
geometry as the propellant surface recesses.

These early studies, however, did not, or did only insufficiently,
take into account the effect of the gas on the rocket motor nozzle. The
gas enters it at an angle of attack proportional to the instantaneous
nutation angle of the vehicle. But because of the rapid acceleration
in the nozzle, the gas is largely redirected and exits the nozzle at
an average angle to the motor axis that is greatly reduced. (Rocket
nozzles with an entrance flow with angle of attack were studied as
early as 1972 by Walters.’ The most thorough work on such nozzle
flows, both theoretical and experimental, has been carried out by
Pirumov and Roslyakov.®) It then follows from conservation of an-
gular momentum that the torque exerted by the gas on the motor case
is largely, although not completely, canceled by an opposite torque
exerted by the gas on the nozzle. This near cancellation also has
been shown experimentally in a cold-flow experiment’ and, more
recently, by a detailed numerical study® of the gas flow in a pre-
cessing vehicle, taking into account the combined geometry of the
motor chamber and of the nozzle. All of these more recent studies
have indicated that, because of this compensation, the gasdynamic
effect can be only a minor contributor to the observed instability.

Several investigators®~!! have since proposed an explanation that
invokes the presence, in the recess formed by re-entrant nozzles, of
liquid slag (Al,0; and Al) derived from aluminum-containing pro-
pellants. The mass of the slag, as a function of time, is an important
parameter in the stability analysis, but is rather uncertain. The slag
mass at the end of the burn can be measured for a given type of
motor as part of ground testing. Usually, this type of motor is tested
spinning, often in a horizontal position. However, because the axial
acceleration of the flight vehicle is absent, the true slag mass can
be inferred only by extrapolation from these tests, or by theoretical
considerations. '

In another study'? a two-component gas/slag droplet model is
presented that assumes that the trajectories of the larger droplets
differ enough from the gas streamlines so as to become trapped
in the recess formed by the nozzle and the motor case (or resid-
ual propellant). When this model is applied, the slag mass that is
accumulated in the liquid pool is calculated at different times after
startup. According to this model, the in-flight, final slag mass turns

out to be considerably larger than the mass measured in ground tests.
The difference is ascribed to the increased trapping caused by the
acceleration of the flight vehicle.

A different model,!? with the same objective, assumes that be-
cause of the very high level of turbulence of the gas in the motor, all
particles that have entered the gas stream are swept out of the motor.
The only slag trapped in the motor then is liquid slag flowing along
the propellant surface, propelled by the spin-induced centrifugal
force and, in-flight, by the vehicle’s acceleration. This latter model
results in in-flight slag masses that are not very different from those
observed in ground tests.

The assumption that the sloshing of liquid slag is the cause of
the observed instability is also made in this paper. The question
of how much slag is really present in an accelerating vehicle can
be related to the observed nutation instablity of these vehicles. A
qualitative comparison of the slag masses inferred from the observed
flight instability with those deduced from ground measurements is
discussed in the Conclusions.

Physical Model

In this model, the instability is explained by the mutual interaction
between the sloshing slag pool present in the rear part of the motor
and the spinning and precessing vehicle. The onset of the instability
relatively late into the motor burn is explained by the gradual buildup
of the trapped slag as the burn progresses.

Several models have been proposed to describe the sloshing of
the slag fluid and its interaction with the vehicle. The best-known
analysis is the one by Mingori and Yam.'*15 Here the slag is repre-
sented by a single point mass that can move in a plane perpendicular
to the vehicle’s symmetry axis and is acted upon by a restoring force
proportional to the distance from the axis. No hydrodynamic analy-
sis is made, but the model is important because of the basic insight
it has provided.

In the present paper, a more complete description is made that
takes into account, albeit approximately, the hydrodynamics of the
slag trapped in the motor. Two modes of motion of the fluid are
considered: First, gravity-type waves on the slag/gas free-surface,
occurring as a consequence of the precession of the vehicle. These
waves propagate around the annular configuration of the slag in the
nozzle/motor case recess (Fig. 2), and second, wave motion at a
right angle to the former, which corresponds to the fluid sloshing
in the meridional direction along the solid boundary provided by
either the motor case or the residual propellant.

The inclusion of both modes and of their interaction with the
spacecraft dynamics has not been considered before. The analysis of
the first type of mode follows the classic theory of tides. ' The second
type is a simple harmonic oscillator with a forcing term. The hy-
drodynamic description then is combined with the dynamics of the
vehicle as described by Euler’s rigid-body equations for spinning,
inertially symmetric vehicles. The analysis leads to a characteristic
fifth-degree polynomial. Explicit numerical solutions are obtained



MEYER 783

SLAG POOL ——" "

_QO

Fig. 2 Schematic of solid-propellant motor and spacecraft.

for the case, important in practice, in which the ratio of slag to vehi-
cle mass is small. Also calculated is the minimum control anthority
of an idealized control system designed to avoid the instability.

Basic Assumptions

As is schematically indicated in Figs. 2 and 3, a spin-stabilized
spacecraft is considered, propelled by the thrust of a solid-propellant
rocket motor. The thrust is assumed to have constant magnitude, at
least for a time interval long compared with the vehicle’s precession
period. The thrust line passes through the center of mass of the
vehicle. (Here, and in what follows, the term “vehicle” will refer to
the spacecraft proper, without the slag pool, which is accounted for
separately.)

The viscosity of the slag at the temperature of the motor is low, and
is neglected when considering the wave motion. However, because
the time between spin-up of the vehicle and start of the burn is long,
typically at least several minutes, even a small viscosity will be
sufficient to spin up the slag so that it rotates with the vehicle.

Once the motor burn has started, the fluid, as a consequence of
the thrust and of the spin, assumes the configuration of a fluid ring
(Fig. 3). In practice, the slag volume is sufficiently small so that the
ring’s cross-sectional dimensions are small compared to the char-
acteristic dimensions of the rocket motor. Therefore, the motion of
the fluid is described by the motion of a one-dimensional fluid ring
located at the centroid of the actual fluid, hence by just two inde-
pendent variables: time and a single spacial (azimuthal) variable.
The amount of fluid contained in any segment of the ring will vary
because of the presence of the azimuthal waves. Also, the ring will
distort from its equilibrium position in the plane perpendicular to the
nominal spin axis. When disturbed, its parts move along the bound-
ing surface, resulting in a meander-like configuration of the ring.

In rocket motors with re-entrant nozzles, more than one equilib-
rium configuration can occur, depending on the rate of spin and of
the acceleration of the vehicle. They are schematically illustrated in
Figs. 3b and 3c. For a sufficiently large rate of spin and low thrust,
the fluid ring is high enough in the motor case to be unaffected by the
nozzle geometry (Fig. 3b). In this case, the cross-sectional area A,
of the fluid ring, at the reference condition (i.e., pure spin about the
symmetry axis, with zero nutation angle), can be calculated read-
ily as a function of the slag mass. The method is indicated in the
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Fig. 3 Fluid ring.

Appendix. For lower rates of spin and higher vehicle acceleration,
the fluid ring also may be partially bounded by the nozzle structure
(Fig. 3c). In this case, the geometry is usually sufficiently compli-
cated that a numerical integration of the fluid-ring cross section will
be required. '

As is commonly the case with spin-stabilized spacecraft, the ve-
hicle is assumed to be inertially symmetric, i.e., to have equal trans-
verse moments of inertia.

Inertial Forces

We introduce vehicle-fixed, cylindrical coordinates (R, ¢, z) with
the origin at the vehicle’s instantaneous center of mass. (The time
rates of change of mass and center-of-mass location are slow when
compared to the precession period, and can therefore be considered
as quasistationary.) Let w(?) be the vehicle’s angular velocity and
r(¢, t) be the position vector extended from the vehicle center of
mass to a point on the fluid ring. Also, letu(¢, ) be the fluid velocity
relative to the vehicle and a(z) be the acceleration of the vehicle’s
center of mass. The resultant f of all inertial forces in the vehicle-
fixed reference frame that arise as a consequence of the vehicle
motion, when divided by the slag mass, then takes the form

a
f=—a—wx(wxr)—-§xr—2wxu 1)

The subscript 0 henceforth designates the reference condition (i.e.,
the condition for which the vehicle is spinning with constant angular
velocity about its axis of symmetry), and the subscript 1 designates
the perturbation terms. Thus, r{ (¢, ) is the displacement in the ¢ =
const plane of the fluid ring, characterizing therefore the meander-
ing of the ring. Second-order terms are neglected. We let

r=ry@) +ri(e,0,

w = w + w1 (),

a=ay+a ()
u=up,1)
f=r@)+filg, 1)

The zero-order acceleration of the vehicle center of mass and the
thrust are related by

ay = Ty/my, @

and are assumed to be constant. If the perturbation terms are in-
cluded, the trajectory of the vehicle’s center of mass will be a spiral
of increasing pitch.
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From Eq. (1), omitting second-order terms,

ﬁ) = —@g — wy X (Wo X ry) (3a)
Ji = —a; —wy x (Wo x 1) —wy X (W1 X7p)
]
—wy X (wy xry) — (3% X Iy — 2wy X Uy (3b)

It also is convenient to introduce vehicle-fixed, toroidal coordi-
nates (¢, n, {), with the center placed on a point of the fluid ring
when in its reference position. The ¢ axis is collinear with f;, and
the » axis is normal to it (Fig. 2). The angle between f, and the
thrust axis (the z axis) is designated by 8, and the radius of the fluid
ring in the reference condition by R,. Therefore,

aRo

2
tan By = d , sin By = “oRo “)
ap Jo
The oscillation of the fluid ring takes place about a reference (or
mean) position given by the coordinates Ry and z,. The resultant
of —a, and w2R, must be perpendicular to the solid boundary and
must be such as to ensure the static equilibrium of the fluid ring in its
postulated reference position. The condition for static equilibrium
is the inequality (5). It can be obtained by considering a virtual
displacement by an arc length dn of any element of the ring along
the boundary. The resulting change in the angle By is dfy = dn/R,,
where R, is the local radius of curvature of the boundary. Also,
dRy = dncos By. For neutral static stability, the resultant of —a, and
wiR, must remain perpendicular to the boundary after the virtual
displacement; hence

wi(Ro + dRo)
ao

tan(Bo + dfo) = tan By + dBo(1 + tan® By) =
to order dfy. From this and Eq. (4) follows
R. . _
== = (cos* By sin o)~
Ry

For positive stability of the mean position of the fluid ring, R, must
be smaller, hence the inequality

R, - o1
Ry cos?Bysin By

Let P;(¢) be the perturbation force exerted by the fluid pressure
on the vehicle. It is shown easily that, by symmetry, Py,, and there-
fore also a;,, vanish. Also, because the fluid’s viscosity is neglected,
the z-component of the moment of P about the center of mass of the
vehicle vanishes, with the consequence, which follows immediately,
for instance, from Euler’s rigid-body equation, that w;, vanishes. To
summarize,

®)

Uy =rg =TIy =a,; =w;,; =0 ©)

to first-order accuracy. In what follows, we write, for short, v for
w14, wy for uy,, and ry for ry,.

It follows from Eq. (3b) that the components of the sum of the
first-order inertial forces, per unit mass, acting on the fluid are

f1¢ = dlx sinq,’) _ dly COS¢ — 2wow; COS ﬂ()

Jin = (w(z, cos Bo 71 + 2wguy — dix cos @ — dy, sin ¢) cos By
— (e1x cos ¢ + ey, sing) sin By 7N
f]; = (wf, CcOS ﬂ() r + 2(1)()1); - d]x Ccos ¢ — dly sin ¢) sin /3()

+ (e1x cos ¢ + e, sin @) cos By

where
dw
dix =aix + 20 (wowlx + —ly)
ot
dw
diy = ary + 20 (wow,y - a—t‘) ®)
dw dw
e1x = Ro| wowix — e e1y = Ro| epery + s
ot ot

Hydrodynamic Equations

The motion of the fluid in vehicle-fixed coordinates is described
by the linear superposition of two modes: a surface wave with wave
height q;(¢, £), and a lateral displacement wave characterized by
the meridional displacement r;(¢, t) of the fluid along the solid
boundary.

For the stability investigation, it is sufficient to include as the
only perturbations those with wavelength 2z Ry. For the higher har-

" monics, because of symmetry, the fluid pressure that acts on the

boundary does not cause a net force or moment on the vehicle.

Surface Wave

Because the fluid volume is small compared to the motor vol-
ume, the fluid depth is small compared to the pertinent wavelength.
This is just the condition for the shallow-water or tidal theory to be
valid.!®'7 In the present instance, this theory needs to be augmented
by the inertial forces produced by the vehicle’s precession and nu-
tation, as calculated in Eq. (7). The wave height is assumed to be
small compared with the fluid depth, resulting in relations that will
be linear.

Let

ho = Ao/by &)

To determine Ay from the fluid volume generally requires an in-
tegration of the area between the boundary and the equilibrium
free surface. A simpler method, appropriate when the boundary in
the meridional plane is a circular arc (Fig. 3b), is indicated in the
Appendix.

Consideration of the fluid volume bounded by the meridional
planes ¢ and ¢ + d¢ constant results in the continuity equation for
the fluid!5:

g Rodar
8¢ | hy Ot

In deriving this equation, note that, as shown in tidal theory, the
velocity is independent of the depth below the free surface.

Another result of tidal theory is that the pressure at a given location
and depth is simply the pressure increment resulting from the height
of the wave at that time and location, added to the equilibrium pres-
sure. Therefore, if Hy = Hy(n, ¢) designates the (positive) distance
below the equilibrium free surface, the pressure p = p(é, 1, ¢, 1),
after subtracting the ambient (constant) gas pressure in the motor,
is

10)

p = po+ pr= p(Hy+ q1) fy = p(Ho fo + Hy f1; + foq1)

Differentiating with respect to ¢ and combining the result with
Euler’s equation for inviscous, incompressible fluids, it follows that

vy 1 9
o __ L o
where second-order terms again have been neglected. Hence
31)1 f() 8q1
ot~ R 96 T fie
where, consistent with the prior assumptions, the term
_Ho 0
Ry 3¢

has been neglected in comparison with fi,.

By differentiating this last equation with respect to ¢ and Eq. (10)
with respect to ¢, v; is eliminated, resulting in a wave equation with
a forcing term

2 2 92
Yo _a¥q mife _o gy
32 R23¢> Ry 3¢
where
co =/ foho 12

is the phase velocity of the wave that propagates, in either direction,
along the fluid ring.
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Lateral Displacement Wave .

The meridional displacement r;(¢, t) of the fluid ring is deter-
mined by the combined actions of the 7-component of the force
exerted on it by the solid boundary and by the inertial forces. Ne-
glecting second-order terms results in the harmonic oscillator equa-
tion in the form

sz = RN + Sy (13)

where dr; /9t = w;(@, t), as noted before, is the meridional com-
ponent of the velocity.

Equations (10), (11), and (13) are the principal hydrodynamic
results. They are combined subsequently with Euler’s rigid-body
equation for the vehicle dynamics.

Forces and Moments

The spacecraft is represented as a rigid body, acted upon by the
forces and moments that result from the fluid pressure perturbation
and by jet damping. The effect of a nutation control system, albeit
idealized, also is included.

Fluid Pressure Force and Moment

All perturbation terms of interest to the stability problem are har-
monic functions of ¢, with wavelength 27rR,. It follows that the
incremental fluid pressure force on the vehicle, in the azimuthal in-
terval ¢ to ¢ +de, has, after transforming to the body-fixed (x, y, z)
reference frame, the components

dPlx =my dFl COS¢, dPly = My dF1 Sil’l¢>, dPlz =0
where
dF, = g-g;- l:(hiqu + flz) sin By + %rl cos ﬂo] (14)

and where mg = 27 p Robohy is the mass of the fluid. The first term
on the right-hand side of Eq. (14) is the result of the surface wave.
The second term represents the first-order inertial forces. The third
term comes from the lateral displacement of the fluid ring.

The resultant of the fluid pressure forces results in a first-order per-
turbation &, of the vehicle center-of-mass acceleration. Designating
the ratio of vehicle to fluid mass by p = mga/m,;, the components
are

r
Alpx = u./ cos¢ dFy
$=0 (15)
a1p, =0

2
Alpy = [,L/ sin¢dF1,
¢=0

The corresponding moment about the vehicle center of mass is des-
ignated by M,,. The terms that are needed below in expressing
Euler’s rigid-body equations, to first order, are

Mlpx = —ZoMwnl1py, Mlpy = +z0mvha1px: Mlpz =0 (16)
Jet Damping

It also is necessary to account for the jet damping force and mo-
ment. Jet damping results from the Coriolis force associated with
the flow of the combustion gas in the motor chamber and nozzle.
The algebraic sign of the force is such that in the absence of slag,
damping of the vehicle’s precessional motion will occur. A suitable
approximation for calculating the force, hence the resulting vehicle
acceleration a ;, is'®

ayjx = —2(m/my)z;wiy

. amn
aijy = +2(m/mm)z;ou, a1, =0
where 1 is the rocket motor mass flow rate and z;(<0) is the axial
coordinate of the nozzle exit plane (Fig. 2). (In the technical liter-
ature, z; is usually replaced by the difference of the coordinates of
nozzle exit plane and propellant burn surface. In practice, however,
both formulations give nearly the same result, because the burn sur-
face is usually much closer to the center of mass of the vehicle than
is the nozzle exit plane.)

The jet damping moment is given by

M, = —mziwi,, My, = —mziwy,, My, =0 (18)
Nutation Control

After the nutational instability was discovered in several flights,
most spin-stabilized vehicles of the type discussed here were
equipped with control thrustors that provide a restoring torque.!*2°
The thrusters have a line of thrust eccentric to the vehicle center of
mass and are pulsed periodically whenever the rate gyros indicate
an exceedance of the nutation angle beyond a preset threshold. The
thrustors are fired during intervals of time that are short compared
to the spin period of the vehicle.

In the analysis below, a simpler control law is assumed in which
the control thrust, rather than being periodically pulsed, depends
sinusoidally on time, with an amplitude that is proportional to the
nutation angle excursion (constant gain control). Figure 4 illustrates
qualitatively the control torque, designated by M,. All vectors are
projections on the vehicle’s transverse plane and rotate clockwise
relative to the x, y axes. Figure 4 applies to prolate vehicles for
which the rotation is retrograde, i.e., opposite to the spin. Thus,
wy, is the transverse part of the perturbation angular velocity w,
anday,, a;, a, are the center-of-mass accelerations resulting from
the fluid pressure, jet damping, and nutation control, respectively.
Correspondingly, the moments about the center of mass are desig-
nated by M1, My, M1,. It is assumed that the control thrustors are
located (as usual) forward of the center of mass.

Referring again to Fig. 4, the angle ¢ = (t) designates the
direction of the transverse angular velocity relative to vehicle fixed
axes. The angle v is the lag angle of the control moment M, relative
to wy,. In this control law, My, is taken proportional to w;,. Thus,
defining the (nondimensional) gain N by letting

My, = Nmywoziwy, (19

it follows that the transverse components of the center-of-mass ac-
celeration resulting from the nutation control are

A1ny = a1y SIN(Y + v) = Nz, (w1, Sinv + @y cos v)
A1yy = —a1, COS(Y + V)
(20
= —~Nwyz,(@ix COS v — wy, Sin V)
a1 =0
The corresponding moments are
My, = My, cos(y + v) = vahw()z,z, (w15 €08 V — wyy sinv)
Mlny = M, Sin(‘/f +v)
21)
= Nmpwoz2 (w1, sinv + wi, cos v)
My, =0
The sums of all perturbation accelerations and moments are

a; =aj, +a; +ay,; My =M,+M;+M, 22

M"I

%

Fig. 4 Diagram of the transverse components of perturbation angular
velocity, accelerations, and moments (for prolate vehicle and nutation
thrusters forward of center of gravity).
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Rigid-Body Equations
Euler’s rigid-body equations, when linearized for small nutation
angles and applied to inertially symmetric vehicles, are

dwiy M,

— — (1 — )wywy, = —
y ( Jwowsy A

(’)wly Mly

— + (1 — o)wywy = — 23
o ( Jwyw A (23)

Wi, = 0
Here, the inertia ratio
=1L/, O<o <2) 24)

is the ratio of the longitudinal moment of inertia I, to the transverse
one I, of the vehicle.

Normal Mode Analysis

The perturbations from equilibrium are represented by their az-
imuthal modes. By symmetry, the only ones for which a nontrivial
interaction between fluid and vehicle can occur are those with az-
imuthal wave number » = 1.

Disregarding the exceptional case of degenerate eigenvalues, we
let

vi/(woRp) = V exp(swot — i)
q1/ho = Qexp(swnt — i)
/R, = Rexp(swot — i) @5)

aix/ay = Aexp(swot), aiy/ay = —i A exp(swot)

w1 /oy = Q exp(swot), wyy/wy = —iQ exp(swyt)

Substitution of Eq. (25) into Egs. (7) and (13) and collecting all térms
proportional to V, Q, R, A, &, respectively, results in the following
expressions for the components of the sum of the first-order inertial
forces:

fip = WiRe[—2R. cos BosR +icot fy A
+iz;(1 — is)Q] exp(swot — i)
fig = WAR{(2V + R’ cos fo R — cot By A) cos By 2)
— [z cos Bo (1 —is) + sin By (1 + i5)]12} exp(swot — i)
fiz.= wiRo{(V + R, cos By R — cot By A) sin By
— [zgsin Bo(1 — is) — cos fo(1 + is)]Q} exp(swot — i)
where
R, = R./Ro, zy =20/ Ro @7
Substitution of Egs. (25) into the integrals in Eq. (15) and making

use of the orthogonality of the trigonometric functions results in

Aipx = %[LA exp(swot)
(28)
a1y = —3 Ui A exp(sawot), aip, =0

where
A = wjRo{2sinBy V + Q + (R cos Bosin®fy + cot Bo) R
— cos Bysinfy A — [z(’, sin?By (1 — is) 29)

— cos By sin By (1 + is) |2}

There are five equations of motion, viz. Egs. (10), (11), (13), (22),
and (23), that determine the five unknown amplitudes V, Q, R, A,
and . The result is obtained by making use of the normal mode
expressions (25). First, in Eq. (22) for the three moments, M, is
replaced by a;, by substitution from Eq. (16). In turn, a;, can be
expressed by means of Egs. (28) and (29). Substitution of the ex-
pressions (25) for the normal modes then expresses everything in

terms of the five complex amplitudes V, O, R, A, and Q. M,; and
M,,, by means of Egs. (18) and (21), can be expressed in terms
of just Q as the only unknown amplitude. Second, in Eq. (22) for
the three accelerations, a;, is again expressed, as above, by the five
amplitudes. The accelerations a,; and ay, by means of Eqs. (17)
and (20), respectively, can be expressed in terms of just 2. Third,
in the rigid-body Eq. (23), M, is again replaced by the five ampli-
tudes as indicated above. Fourth, substitution of the normal mode
expressions into the remaining equations of motion, i.e., Egs. (10),
(11), and (13), expresses them directly in terms of the amplitudes.

When written out in detail as a set of five homogeneous equations
for the amplitudes, the equations are too unwieldy to be of much
use directly. However, they are useful for taking the limit of small
ratios of fluid mass to vehicle mass. This is the case of interest for
upper-stage rocket motors because for them this mass ratio is always
much smaller than one.

Case of Small Mass Ratios

In spacecraft practice, the case of interest is the one where the
mass of the slag is small compared to the mass of the spacecraft.
(Slag masses measured in ground tests to date of upper-stage rocket
motors usually do not exceed 20 kg.) Retaining in each coefficient
of the system of equations only terms up to first order, the result of
a fairly lengthy but straightforward calculation can be expressed by
the matrix equation

S[V.Q.R, A, Q" =0 (30)
where S is given by
S =
—i s 0 0 0
0 s*—s5 Jis j2 Js(1 —is)
oo 0 gs(s*=sp) e 1l —is)+ js(1 +is)
Wjo K jio Ju . Jiz
Hjiz  Mja H1s Wi  Jjir—2(1 —o —is)
(31
The coefficients j;—ji7 and sé and s% are
Jj1=2iR. cos By, Ja = cot By, s=2z
Ja = 2cos By, Js=—R[, Je = — cot B cos By
Jj2 = —z4c08 B, Js = — sin By, Jo = 2sin® By

Jio = R.cos By sin® By + cot fo, Ju = —2cotfy (32)

jiz = 2i [2mZ [(womw) — Nz,e" ], J13 = 2R}z sin® By
jia = RIZ0, J1s = Ryzy (R}, cos By sin® y + cot By)
. "on .

Jie = — Rz, cos By sin By

Ji =2i (2} [ (muwwo) — NzJ2e™)

= b/ (w3RY),

In addition to R/ and z;, already defined in Eq. (27), also introduced
here are the nondimensional constants

sy =—[(R.sinpy)™! — cos? fy] (33)

Zj = z;/Ro, 2z, = zn/Ro, Ry = Ry/R,

Zy = 20/ Ry, Zj = zj/ R, zZh =2z./R,

where R, is the transverse gyro radius defined by I, = mvthz. The
parenthetical expression in Eq. (33) is positive as a consequence
of static stability condition (5). Therefore, sp and sg are purely

imaginary. For nontrivial solutions of Eq. (30) to exist,

detS =0 (35)
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which is the characteristic equation of the eigenvalue problem and
requires finding the zeros of the fifth-degree polynomial

15.5'5 + l4S4 + l3S3 + 12S2 +hs+lp=0 (36)

For brevity, the coefficients lo~Is are not tabulated here. (A com-
plete listing suitable for programming can be obtained by writing to
the author.) They can, however, be found efficiently by any software
that allows algebraic symbolic operations. The procedure consists
therefore in evaluating det S and collecting terms with equal powers
of 5. Finding then the roots of Eq. (36) is best done by using one of
the numerous available software programs, such as the robust pro-
grams based on the Jenkins—Traub method (e.g., in the International
Mathematical Society Library). The system is stable if there are no
roots with a nonnegative real part.

A partial check on the programming can be obtained by setting
the fluid mass equal to zero. In this case, it follows from the fifth
row of S that

j17-—2(1—a'——is)=
which, when solved for s and substitution is made for ji7, gives
s=—i(l—~0)— rhz'j’z/(mvhwo) + Nz*(cosv +i sinv)

In the absence of both jet damping and nutation control, all vectors,
such as a; and w;, vary sinusoidally with an angular frequency
(1 — o)wy, as expected. The results of a sample calculation are
given in the Results section.

Y { i [ B

1.5 0 ' 4
60 kg .
8; m=0 :

1.0 N=20 ; -
1]
1
5 '

36 42

| 60 46 42 36
R~k
e 1

Ol m e ccel e = ST Tt
’ ) \ // /*'
26 14 10 9 10 14 26 kg
—'5— ! -
0/
60 kg,
-1.0} g: -~
'
]
-1.5L 0 i -
l | 1 180 1
-.08 -.06 -.04 -.02 0 .02 8,
a) Without jet damping or control
T T T ™ T
1.50 60 kg~, -
8y I = 25 kg/s
1.0 N=0 —

1. 1

-.08 =~-.06 -.04

b) With jet damping, no control
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Results

To illustrate the theoretical development, a vehicle is assumed
for reference purposes with the following parameters: An iner-
tially symmetric, prolate vehicle with inertia ratio o = 0.50, mass
my, = 1000kg, thrust Ty = 50,000 N, nominal rate of spin wy = 10.0
rad/s, mass flow rate m =25 kg/s, Rg=0.25 m, zo=—2.00 m,
R.,=0.50m, R,=0.71m, z; =~ 2.50 m, z, =+ 2.50 m.

The loci of the roots in the complex plane of s, as functions of
the fluid mass my, are shown in Fig. 5 for four cases (with and
without jet damping, and with and without nutation control). In all
cases, as is evident, only one of the five branches can lead to the
coning instability, and this only above and below certain amounts
of fluid mass. For the conditions applying to Fig. 5a, these limits
are between 9 and 46 kg. A comparison of Figs. 5a and 5b shows
that the effect of jet damping is relatively small and that it does not
remove the instability. This is in accord with experience gained from
flight tests.

The unstable roots indicate for the reference vehicle a maximum
growth rate of the instability at about 20-30 kg of slag. This number
is consistent with, although somewhat higher than, what is observed
in typical ground tests.!?

At the peak growth rate, when (as is the case in the flight tests
discussed earlier) there is jet damping but no control, mg = 26 kg
and the real part of s is s, = 0.037. This result of the theory therefore
corresponds to an exponential growth rate of wgys, = 0.37 s7. On
the other hand, the growth rate observed in flight tests was 0.42 s~!
(the mean of 12 flights). Considering that all flight vehicles had

T T T T ; T —l
oL ive
s, f = 25 kg/s g
N = 0.05 '
1.0~ v = 180° |
: ]
5| ‘ -
16 kg 12 ! .60 26
0 ----,.._--__-_--\.-_- : R
t
10216 kg
-5 ' -]
N T ‘
0 30 60 '
-1.0F ! ~]
'
i
-1.5L 60 kg 30 0! |
1
S 1 1 { i
-6 -.5-.4 |f -.04 =-.02 0 .02 s
¢) With jet damping and control gain N = 0.05, v = 180 deg
. 1 ¥ T M
1.5 o o ' ‘
T 60 kg ! 7
bt & = 25 kg/s '.
1.0 N = 0.20 . -
» = 180° X
1
.5 ; -
50 40. 30 20 10
0--_/.../..-_\_._x-‘\ ____ > . 14 ..... -]
I
]
-.sb- 1 ——
t
0 60 kg h
-1.0} | -
]
60 30 0 ¢
~1.5] : A
t
[
) 1 1 i 1 1 i
-2.6 -2.4 -.04 ~.02 0 .02 8,

d) With jet damping and control gain N = 0.20, v = 180 deg.
Fig. 5 Loci of the five roots of the polynomial Eq. (36) as furictions of the fluid mass.
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somewhat different masses and inertial properties (although all used
the same motor), this result clearly supports the theoretical results.

Adding a nutation control based on the control law (19), with a
lag angle v of 180 deg and a gain N = 0.20, the maximum real part
of s is 0.0030, which corresponds to an exponential growth rate of
the instability of 0.030 s~!, hence a factor of about 10 less than with-
out the control. For the type of solid-propellant motors considered
here, the time interval during which the instability manifests itself is
roughly 30 s. This growth rate of 0.030 s™, although still positive,
in practice is inconsequential. The calculation points out, however,
that the simple, open-loop control law (19) is far from optimum.

The instability growth rate, as calculated here, is based on a con-
stant vehicle and slag mass as they may be instantaneously present.
This is allowed because the mass changes are slow compared to
the vehicle’s precession rate. For a more accurate computation, the
actual masses at each instant would have to be calculated, followed
by an integration over time of the nutation angle.

Conclusions

- The paper confirms the explanation, first advanced by others, that
the coning instability observed with certain upper-stage vehicles
is caused by the liquid slag retained in the motor. By compari-
son, the gasdynamic effect, although also destabilizing, is of minor
importance.

Earlier work is extended by including a hydrodynamic description
of the motion of the slag in the motor recess that supports both free-
surface waves and sloshing along the solid boundaries. The model
allows one to correlate the growth rate of the instability with the slag
mass present. The results are consistent with the instability growth
rates observed in actual flights, and also, at least qualitatively, with
slag masses measured in ground tests of the motors.

The theory also confirms what had already been known from the
analysis of flight tests, that jet damping has only a relatively minor
beneficial effect. A simple control law, designed to suppress the
instability, has been considered and is included in the analysis.

Appendix: Circular Boundary

If the boundary containing the fluid has an approximately constant
curvature in the meridional plane, the mean fluid height 4, can be
estimated without a case-by-case integration. The approximation is
based on representing the boundary and the free surface by second-
degree polynomials in z. The strong inequalities ¢ < by <« Ry are
assumed, where b, is the distance between the two shore lines for
the reference condition.

With R designating the cylindrical radius of a point on the free
surface, B the angle of the normal to this surface with the z axis,
it follows that tan 8 = wOR /ay. Differentiating, replacing g by its
mean value f;, and making use of Eq. (4),

R, 1

B Al
Ry  cos? Bysin By (AD

where Rj is the mean radius of curvature of the reference free
surface.

Integrating for the area A, enclosed between the boundary and
the reference free surface, one finds

B 124, t
= (i) 2

where R, is the local radius of curvature of the boundary. With the
same approximation

T 27 Ryp

(A3)

The mean fluid height then follows easily from Eqs. (A1-A3)
and (9).
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